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GENERALISATIONS OF INTEGRAL INEQUALITIES OF THE TYPE OF 
HERMITE-HADAMARD THROUGH CONVEXITY 

MUHAMMAD MUDDASSAR, MUHAMMAD IQBAL BHATTI, AND WAJEEHA IRSHAD 

ABSTRACT. In this paper, we establish various inequalities for some differentiable map- 
pings that are linked with the illustrious Hermite-Hadamard integral inequality for map- 
pings whose derivatives are s-(a, m)-convex.The generalised integral inequalities con- 
tribute some better estimates than some already presented. The inequalities are then ap- 
plied to numerical integration and some special means. 



r^ ' 1. Introduction 



Let /:07^/C]R— >Rbea function defined on the interval / of real numbers. Then 
/ is called convex if 



f(tx + (l-t)y)< tf(x) + (l-t)f(y) 

z [0, 1]. Geometrically, this means that if P, Q a 
points on graph of / with Q between P and R, then Q is on or below chord PR. There are 



> 

OS 

£T) ■ for all x, y G I and t G [0, 1J. Geometrically, this means that if P, Q and R are three distinct 

m 

(N 

_J ' many results associated with convex functions in the area of inequalities, but one of those 

is the classical Hermite Hadamard inequality: 



/i'^^/WM+M 



^ \ for a,b 6 I, with a < b. 

C^ , In Q , H. Hudzik and L. Maligranda considered, among others, the class of functions which 

are s— convex in the first and second sense. This class is defined as follows: 

Definition 1. A function f : [0, oo) — > R is said to be s~convex or f belongs to the class 
Klif 

f{ixx + vy)< ^ s f{x) + v s f(y) (1.2) 

holds for all i,i/£ [0, oo), (i, v G [0, 1] and for some fixed s G (0, 1]. 
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Note that, if fj? + v s = 1, the above class of convex functions is called s-convex func- 
tions in first sense and represented by Kj and if /i + v = 1 the above class is called 
s-convex in second sense and represented by K\. 

It may be noted that every 1 -convex function is convex. In the same paper J3] H. Hudzik 
and L. Maligranda discussed a few results connecting with s— convex functions in second 
sense and some new results about Hadamard's inequality for s— convex functions are dis- 
cussed in O, while on the other hand there are many important inequalities connecting 
with 1 -convex (convex) functions [4|, but one of these is (jl.lj) . 
In [81, V.G. Mihesan presented the class of (a, m)-convex functions as reproduced below: 

Definition 2. The function f : [0,b] —¥ M. is said to be (a,m)-convex, where {a,m) G 
[0, l] 2 , if for every x, y G [0, b] and t G [0, 1] we have 

f(tx + m(l - t)y) < t a f(x) + m(l - t a )f(y) 

Note that for (a, m) G {(0,0), (a, 0), (1,0), (l,m), (1, 1), (a, 1)} one receives the fol- 
lowing classes of functions respectively: increasing, a-starshaped, starshaped, m-convex, 
convex and a-convex. 

Denote by K^(b) the set of all (a, m)-convex functions on [0,b] with/(0) < 0. For recent 
results and generalisations referring m-convex and (a,77i)-convex functions see |fl~), J2] 
andlf!4l. 

In H S. S. Dragomir et al. discussed inequalities for differentiable and twice differen- 
tiable functions connecting with the H-H Inequality on the basis of the following Lemmas. 

Lemma 1. Let f : I C R — > R be differentiable function on 1° (interior of I), a,b G I 
with a < b. If f G L 1 [a, b], then we have 

/(fl) + /(6) l f b f(x)dx=^ f\l-2t)f'(ta + (l-t)b)dt (1.3) 



2 b-aj a ■" ' 2 .... 

In 0, Dragomir and Agarwal established the following results connected with the right 
part of (11.3b as well as to apply them for some elementary inequalities for real numbers 
and numerical integration. 



Lemma 2. Let /:/°CM->M6e differentiable function on 1° , a 7 b G I with a < b. If 
f G L l [a,b), then 

rb 

f(x)dx 



f(a) + f(b) 1 



2 b-a 



ll> "' ' ' (f'(ta + {l-t)b)- f(ua+(l-u)b))(u-t)dtdu (1.4) 



0J0 
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This paper is organized as follows. After this introduction, in section|2]we define a gen- 
eralised convex function and discuss some new integral inequalities of the type of Hermite 
Hadamard's for generalised convex functions. In section|3]we give some new applications 
of the results from section|2]for some special means. The inequalities are then applied to 
numerical integration in section |4] 

2. Definitions and Main Results 
To establish our principal results, we first obtain the following definitions. 

Definition 3. A function f : [0,oo) — > [0, oo) is said to be s- (a, to) -convex function in 
first sense or f belongs to the class K^\ , if for all x, y G [0, oo) and fi G [0, 1], the 
following inequality holds: 

f(nx + (1 - n)y) < (^ as ) /(*) + m (1 - O / (%) 
where (a, in) G [0, l] 2 and for some fixed s G (0, 1]. 

Definition 4. A function f : [0, oo) — > [0, oo) is said to be s-(a, m)-convex function in 
second sense or f belongs to the class K^ s 2 , if for all x,i/£ [0, oo) and \x,v G [0, 1], the 
following inequality holds: 

ffjix + (1 - ix)y) < (v a ) s fix) + m (1 - n s f (£) 
where (a, to) G [0, l] 2 and for some fixed s G (0, 1]. 

Theorem 1. Let f : 1° C K — > M be a differentiable function on 1° (interior of I), a,b E I 
with a < b. If f G L 1 [a, b]. If the mapping \f'\ is s-(a, m)-convex on [a, b], then 



f(a) + f(b) 



1 



f(x)da 



< 



(b-a) 



v 1 \f(a)\ + v 2 



r 



(2.5) 



where v\ 



l+2° s (as) 



and V2 = to (tj 



vi 



2 as (as+l)(as+2) 

Proof Taking modulus on both sides of lemma[T] we get 



f(a) + f(b) 



1 



6- 



f{x)dx 



< 



b — a 



\{l-2t)\\f(ta+(l-t)b)\dt (2.6) 



Since |/'| is s-(a, m)- convex on [a, b] for all t G [0, 1], then the above inequality becomes 



/(o) + /(6) 



b — a 



f(x)dx 



< 



(b-a) 



11 — 2*1 



e°\f'(a)\+m(l-t as ) 



r 



dt (2.7) 
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Here 



I t a *\l-2t\dt= f 2 (l-2t)t as dt+ [\2t-l)t aa dt= l + * a \ { ° ia) (2.8) 

o Jo J I 2 as (as + l){as + 2) 



and 



/ (l-t as )\l-2t\dt= -- — 
Jo 2 2°" 



l + 2 as {as) 



(as + l)(as + 2) 



Inequations d2~7] >. filM and d2~9l ) together imply (l23T l. 

Remark 1. For (a, m)=(l, 1) in ( 12.51 ), we get Theorem 2 of iflOll . 



(2.9) 
D 



Theorem 2. Lef f/ze assumptions of theorem\l\be satisfied with p > 1, rac/i f/iaf g = — zt- 
If the mapping \f'\ q is s-(a, m)-convex on [a, b], then 



m+m 



b — a 



f(x)dx 



< 



b — a 
2(p+l) 



|/'( a )lq + mas |/'(A)|? 
as + 1 



(2.10) 



Proof. By applying Holder's inequality on the right side of (12. 6) , we have 



\l-2t\\f(ta+(l-t)b)\dt<([ \1 - 2t\ p dt\" ( f \f{ta + {l-t)b)\ q dt) (2.11) 



here 



1 - 2t\ p dt = 

1 l+V 



(2.12) 



since \f'\ q is s-(a, m)-convex on [a, 6] for all t G [0, 1], therefore 

\f(ta + (1 - t)6)| 9 < t QS \f(a)\ q + m(l - t QS ) |/'(5)| 9 
So the second integral on right side of ( 12.11) can be simplified by simple integration as 

-\f{a)\i+mas\f{l)^ 



\f(ta + (l-t)b)\ q dt = 



as + 1 



Inequations ( 12. lit . (12.121 and ( 12.13b together imply (12.10b . 
Remark 2. For (a, m)=(l, 1) m ( 12.701 ), we get Theorem 4 of ifTUl . 



(2.13) 

D 



Theorem 3. Lef f/;e assumptions of Theorem [7] oe satisfied with q > 1. If the mapping 

\f'\ q is s-(a, m)-convex on [a, b], then 



f(a) + f(b) 



1 



b — a 



f(x)dx 



< 



(b-a) 

2~ 



vi\f(a)\ q +v 2 



m 



(2.14) 



where V\ 



l+2°°(as) 



— — ; ^r andv-i = m ( h — Vi) 
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Proof. Inequation d2.61 > reduces to the following form 
fifl) + fib) 1 '•" 



< 



b — a 
(b-a) f 1 



f(x)dx 

1 -2t|*|l-2t|«|/'(ta+(l-t)&)|dt (2.15) 



where - + - = 1. 

p 9 



By applying Holder's inequality on ( 12.15b . for q > 1 we have 

1(a) + f(b) 1 < ' 



b — a 



f(x)dx 



- 2 (/ I 1-2 *!*)*!/ li-^ll/'^ + Ci-*)^! 9 *)" ( 2 - 16 ) 

Applying the s-(a,m) convexity of |/'| 9 on [a, 6] for all t <E [0, 1] on the second integral 
on the right side of (12.16b , we have 



/» + f(b) 1 



6- 



f{x)dx 



<^^QV(ni-2*ii/w+m(i-* as )] 



1-2*1 



//^ 



Here 



/ i QS |l-2t|dt: 

./o 



l + 2 as (as) 



2 aS (as + l)(as + 2) 



and in similar manner 



J\l-t as )\l-2t\dt= l - 



l + 2 as (as) 



2 2 QS (as + l)(as + 2) 
Inequations (12.171 . ( 12.18b and ( 12.19) together imply (12.14) . 

Remark 3. For (a, m)=(l, 1) in ( 12.741 ), we gef Theorem 6 of iflOl . 



di] (2.17) 
(2.18) 

(2.19) 
D 



Theorem 4. Lef / : 7° C R — >• R fee a differentiate function on 1° (interior of I), a.b E I 
with a < b. If f £ L 1 [a, b]. If the mapping \f'\ is s-(a, m)-convex on [a, b], then 



f(a) + f(b) 1 



b — a 



f(x)dx 



< 



(b-a) 



Ul|/ , (o)|+U2 



/' 



(2.20) 



, (as) 2 +3as+4 j /I \ 

where u± — tt, — VrtT — r^r? — r^r ona u^ — m ( ■= — u\\ 
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Proof. Taking absolute value of Lemma|2] we get 
f(a) + f(b) 1 '■'' 



f(x)dx 



<fc£) /"Wcta + ci-tw 



JO 



-f'(ua + (1 - u)b)\ \u - t\dtdu 
(b-a) I I \f(ta+(l-t)b)\u-t\dtdu (2.21) 



Since |/'| is s-(a, m)-convex on [a, 6] for all £ 6 [0, 1], so the above inequation ( 12. 2U may 
be written as 

/(a) + f(b) 1 ''■ 



b — a 



f{x)dx 



<{b-a) / [t as \u-t\\f'(a)\+m(l-t as )\u-t\ 
Jo Jo 



771 



dtdu (2.22) 



Here 



\ t as \u-t\dtdu= / <^ / t as (u-t)dt+ / t as {t-u)dt\du 

JO Jo I JO /u 

(as) 2 + 3as + 4 



and analogously 

.1 /.l 



/ / {l-t as )\u-t\dtdu= - - 
Jo Jo '3 



2(as + l)(as + 2) (as + 3) 

(as) 2 + 3as + 4 



(2.23) 

(2.24) 
□ 



2(as + l)(as + 2)(as + 3) 
Inequations ( 12.22b . ( I2.231 l and ( 12.241 i together imply (12.201 >. 

Remark 4. For (a, m)=(l, 1) in < \2.20t , we get Theorem 8 of iflOl . 

Theorem 5. Lef f/ze assumptions oftheorem^\be satisfied with p > 1, rac/i f/iaf g = — it- 
If the mapping \f'\ q is s-(a, m)-convex on [a, b], then 

/(a) + /(&) 1 '•'' 



b — a 



f(x)dx 



<(b-a) 



(p+l)(p + 2)_ 
\f'(a^ + mas\f'(l)\"Y 



\ as + 1 

Proof. By applying Holder's inequality on the right side of (12. 6I >, we have 
/(«) + f(b) 1 '•'' 



(2.25) 



b — a 



f(x)dx 



0J0 



<(b-a){ / |/'(ia + (l-i)6)| 9 didu) x 



t\ p dtdu (2.26) 



0./0 
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here 



In — t\ p dtdu = — — 

„ .,„ ' ' (p+l)(p + 2) 



(2.27) 



since by s-(a, m) convexity of \f'\ g on [a, b] for all t G [0, 1]. The first integral on the right 
side of d2.26t may be solved as 



1 f\f(ta + (l-t)mtdu<^ +maS \ f ^\ 
o Jo 



as + 1 



Inequations d2.26K ( |2.27t and ( |2.28t together imply ( |2.25l l. 
Remark 5. For (a, m)=(l, 1) in < \2.25t , we get Theorem 10 of ifTUl . 



(2.28) 

D 



Theorem 6. Let the assumptions of Theorem^\are satisfied with q > 1. If the mapping 

\f'\ q is s-(a, m)-convex on [a, b], then 



f(a) + f(b) 1 



f(x)da 



< 



31/P 



ui\f(a)\« + u 2 



r 



,fb 



(2.29) 



(as) 2 +3as+4 



where u-i = tt, — \"iV/ ^°"^T' i , o\ and Ui = m ( i — Ui ) 

Proof By applying Holder's inequality on the right side of (12.61 l. we have 



f(a) + f(b) 1 



b — a 



f(x)dx 



<{b-a)(l \u-t\\f'{ta + {l-t)b)\ q dtdu) : 



\u-t\dtdu) (2.30) 
Jo 



here 



/ / \u-t\dtdu= I (2.31) 

Jo Jo 3 

since by s-(a, m) convexity of \f'\ q on [a, b] for all t G [0, 1]. The first integral on the right 
side of ( 12.30b may be solved as 



Jo 



\u - t\\f (ta + (1 - t)b)\ q dtdu 



<IJ o \u-t\(t as \f(a)\" + m(l -t as ) 



m 



and 



and 



t as \u-t\dtdu 



as + 3as + 4 



/ / (1 - t as )\u - t\dtdu = - - 
Jo Jo 3 

which completes the proof. 



2{as + l)(as + 2)(as + 3) 
as 2 + 3as + 4 



dtdu (2.32) 



(2.33) 



2(as + l)(as + 2)(as + 3) 
Remark 6. For (a, m)=(l, 1) in A2.29J . we get Theorem 12 of IfTUl . 



(2.34) 

D 



M. Muddassar, M. I. Bhatti and W. Irshad 



3. Application to some special means 

Let us recall the following means for any two positive numbers a and b. 
(1) The Arithmetic mean 

a + b 



A = A(a,b) 



(2) The Harmonic mean 



H = H(a,b) = 



(3) The p— Logarithmic mean 



lab 
a + b 



L p = L p (a,b) 
(4) The Identric mean 



a, if a = b\ 

b p+i_ a p+i- 



(p+l)(6-a) 



ifa^b. 



I = I (a, b) = 



(5) The Logarithmic mean 



if a = b; 



1 (£)"->, if a #6. 



L = L(a,b) 



a, if a = 6; 

,— ^ — , ifa^fe. 

log o — log a ' ' 

The following inequality is well known in the literature in (9): 



H<G<L<I<A. 

It is also known that L p is monotonically increasing over p£l, denoting L = / and 
L_x = L. 

Proposition 1. Lef p> 1, < a < b and q = -zrr- Then one has the inequality. 



U.,M-Lt„Ml%!^A\ W , m . 



(3.35) 



2(p+l) 

Proof. By Theorem |2] applied for the mapping /(#) = e 31 for s-(a, m)=l-(l, 1), we have 
the above inequality ( 13.35b . D 

Another result which is connected with p— Logarithmic mean L p (a,b) is the following 



one: 
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Proposition 2. Let p > 1,0 < a < b and q = -f^-, then 



I(o,6) 



G(o,6) 



< exp 



H-V« (| |ff, |6|«) 



Proof. Follows by Theorem[3] setting /(a;) = — log(l — x) for s-(a, m)=l-(l, 1). D 

Another result which is connected with p— Logarithmic mean L p (a,b) is the following 
one: 



Proposition 3. Let p > 1,0 < a < b and q = -£r, 



then 



\A[a n ,b n ]-L-Z[a n ,b n }\<\n\« 



b — a 



A \a 



ig(n-l) i.is(n-l) 



Proof. Follows by Theorem [6] setting f(x) = (1 — x) n , \n\ > 2 and n £ Z for s- 

(a,m)=l-(l,l). D 

4. Error Estimates for Trapezoidal Formula 

Let D be the partition {a = xq < X\ < ... < aj n -i < #n = &} of the interval [a, b] and 
consider the quadrature formula 

rb 

f(x)dx = S(f,D) + R(f,D) (4.36) 



where 



n-l 



s (/> £> ) = 2^ o ( Xk+1 ~ Xk > 



fc=0 

for the trapezoidal version and R(f, D) denotes the related approximation error. 

Proposition 4. Let f : I C R — > R foe a differentiate mapping on 1° such that f £ 
i^a, 6], w/zere a, 6 £ / vwf/i a < b and \f'\ is s-convex on [a, 6], /or every partition D of 
[a, 6] f/ie trapezoidal error approximate satisfies 

■ i 

[Xk+l 



w- p "4 Ufi)(.V') 



fe=0 



£fc) 



l/'(*fc)l + l/Wi)|] (4.37) 



where p > 1 

Proof. By applying Theorem 3 on the subinterval [ar^, X(fc+ 1)] of the partition D of [a, 6] 
for fe = 0, 1, 2, , n — 1, for s-(a 7 m)=s-(l, 1) and using the fact: J2ni=i (^m + ^m) r < 
El;\W r + E™=\(*m) r for (0 < r < 1) and for each m both fc m> * m > , we 
have 



/ 






< 



p+1 

2~ 



/(ar)da; 

s.2 s + l 
2 s (s + l)(s + 2) 



(\f'(x k )\ + \f'(x k+1 )\)(43S) 
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Taking sum over k from to n — 1 and taking into account that \f'\ q is s-(a, m)-convex, 
we get 



I fix 

J a 



)dx~S(f,K) 



n-l 



X- \ l Xk+1 r< ■,, , J(x k + 1 )+f( Xk ) 

2^1/ f{x)dx-{x k+ i-x k ) 

fc=0 U x * 



n-l 

^E 

fe=0 



Xk+1 tf U ( , f(x k+1 ) + f(x k ) 
f{x)dx-(x k +i - x k ) 



This gives 

n-l 

\R(f,D)\<Y,(x k+ i-x k ) 



k=0 



f(x k+ i) + f{x k ) 



1 



2 (xfc+i -ar/b).,^ 



Xk + l 



f(x)dx 



(4.39) 
By combining ( 14.381 ) and ( 14.391 ), we get ( 14.371 ). Which completes the proof. □ 



Proposition 5. Let f : I C M. — > R £>e a differentiable mapping on 1° such that f G 
£ 1 [a, b], where a,b G J vw'f/i a < b and \f'\ q is s-(a, m)-convex on [a, 6], then for every 
partition D of [a, 6] f/ie trapezoidal error approximate satisfies 



:1V ' :/ J " 8s + ' ^e (Xfc+i : Xfc)2 [\f( Xk )\ q + i/wor 



'^'^'-U/ V( s + i)( s + 2)( s + 3)y ^ 



^ i ^ V. ^ +3 * +4 .V E^^g[|/V fc )l + l/W 1 )l](4.40) 



3/ V( S + l)(s + 2)( S + 3)y ^ o 



Proof. Proof is very similar as that of Proposition |4]by using Theorem|6] 



□ 
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